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Abstract
The dimensional reduction of eleven dimensional supergravity on a Calabi-Yau man-
ifold gives N = 2 supergravity in five dimensions with h1,1 vector and h2,1 + 1 hyper-
multiplets. In this paper instanton solutions are constructed which are responsible for
non-perturbative corrections to the hypermultiplet moduli spaces. These instantons are
wrapped Euclidean membranes and fivebranes. For vanishing fivebrane charge the BPS
conditions for these solutions define a flow in the hypermultiplet moduli space and are
isomorphic to the attractor equations for four dimensional black holes.
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1. Introduction
Non-perturbative effects in string theory and M-theory compactifications can often be
described in terms of branes which wrap Euclidean cycles in the compactification manifold.
An interesting area for investigating such effects is N = 2 supergravity in four or five
dimensions. Membrane and fivebrane instantons will provide non-perturbative corrections
3 to the metric on the moduli space of the hypermultiplets. Hypermultiplets of N = 2
supergravity parameterize quaternionic manifolds [4]. The quaternionic geometry and the
relation of the classical hyper and vector multiplet geometries via the c-map were discussed
in [5][6](see also [7][8]), the isometries of (special) quaternionic manifolds were discussed
in [9][10]. M-brane instanton effects were first discussed by Becker, Becker and Strominger
[11]. The study of such effects was continued in [12], which in particular investigated charge
quantization and the breaking of continuous isometries of the quaternionic manifold due
3 Some aspects of perturbative corrections to the universal hypermultiplet obtained by di-
mensional reduction of higher derivative terms in M-theory were discussed in [1][2][3].
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to instantons and in [13] where supergravity instanton solutions carrying more than one
charge were analyzed.
This paper generalizes the analysis of [12][13] , which focused on the universal hy-
permultiplet, to an arbitrary number of hypermultiplets. In a nice paper [14], Behrndt
et al. used the c-map to relate four dimensional black hole solutions to four dimensional
instanton solutions, which can be lifted to the five-dimensional solutions of this paper.
The action of the instantons depends on the charges and the values of complex
structure moduli at infinity. Geometrically the action can be interpreted as the action
of a Euclidean membrane wrapping on a supersymmetric three cycle. It turns out that
for a large class the conditions on BPS-instantons are formally identical to the attractor
equations for N = 2 black holes [15] as formulated by Sabra [16][17]. The BPS instanton
solution can be viewed as defining a flow of the hypermultiplet scalars. In the case of
non-vanishing fivebrane charge we find that the action has the behavior characteristic of
a non threshold bound state, generalizing the results of [13] obtained for the universal
hypermultiplet.
2. Hypermultiplets in N = 2 Supergravity
The supergravity action splits into two parts: one dependent only on vector multi-
plets and the other only on hypermultiplets. At the two-derivative level these two parts
are coupled only gravitationally. For the purposes pursued in this paper only the hy-
permultiplet part is required. Although its form is known in the literature, this section
will present a derivation based on compactification of eleven dimensional supergravity on
a Calabi-Yau threefold. This gives the action in five dimensions. The four dimensional
action is essentially the same, since the hypermultiplets are unchanged by the dimensional
reduction.
The bosonic part of the action of eleven dimensional supergravity [18] is given by
S =
1
2k211
∫
d11x
√−g
(
R− 1
48
FMNPQFMNPQ
)− 1
12k211
∫
A ∧ F ∧ F . (1)
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The supersymmetry transformation of the gravitino in eleven dimensional supergravity is
δǫψM = ∂Mǫ+
1
4
ω
AB
M ΓABǫ−
1
288
(
ΓNPQRM − 8δNMΓPQR
)
ǫFNPQR . (2)
The notation here is that A,B denote tangent space indices andM,N denote world indices.
Dimensional reduction of eleven dimensional supergravity on a Calabi-Yau manifold (with
vanishing G-fluxes), produces ungauged five dimensional N = 2 supergravity with h1,1
vector multiplets and h2,1 + 1 hyper multiplets [19]. The basic of special geometry are
summarized in appendix A - the conventions used here will mainly follow [20].
The three form field strength of the eleven dimensional supergravity gives 2h2,1 + 2
real scalars ζI , ζ˜I , I = 0, · · · , h2,1.
C =
√
2
(
ζIαI + ζ˜Jβ
J
)
. (3)
The ansatz for the eleven dimensional metric is given by
ds2 = e−1/3σ(y
2)ds2CY (z
i, z¯i) + e2/3σ(y
2)gµνdy
µdyν , (4)
Here ds2CY is the Calabi-Yau metric, σ parameterizes the volume of the Calabi-Yau man-
ifold and zi are the complex structure moduli. The Ka¨hler moduli are related to vector
multiplets. Since vector multiplets decouple form hypermultiplets they will not be dis-
cussed here. The coordinates of the five dimensional non-compact space are denoted by
yµ.
Some details of the dimensional reduction are given in appendices A and B. The
resulting action for h2,1 + 1 hypermultiplets is given by
S =
1
2k25
∫
d5x
√
g
{1
2
(∂µσ∂
µσ) + gkl¯(z)∂µz
k∂µzl¯ +
1
48
e−2σHµνρλH
µνρλ
+
1
24
ǫµνρλαH
µνρλ(ζI∂αζ˜I − ζ˜I∂αζI)− eσImNIJ∂µζI∂µζJ
− eσ(ImN−1)IJ(ReNIK∂µζK + ∂µζ˜I)(ReNJL∂µζL + ∂µζ˜J)}
(5)
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Here H is the field strength of the 3-form gauge field Cµνρ in five dimensions arising from
the dimensional reduction of C, g is the metric on the complex structure moduli space,
and the matrix N is defined in appendix A. Note that Im(N )IJ < 0 hence the moduli
space metric is positive definite in Minkowski spacetime.
A three form potential in five dimensions is dual to a (pseudo)scalar a. After dualizing
the action takes the form
S =
∫
d5x
√
g
{1
2
(∂µσ∂
µσ) + gkl¯(z)∂µz
k∂µzl¯
+
1
2
e2σ
(
∂µa+ ζ
I∂µζ˜I − ζ˜I∂µζI
)2 − eσImNIJ∂µζI∂µζJ
− eσ(ImN−1)IJ(ReNIK∂µζK + ∂µζ˜I)(ReNJL∂µζL + ∂µζ˜J)}
(6)
Where we set 2k25 = 1 for notational convenience. The hypermultiplet action (6) contains
4(h2,1 + 1) real scalars. Of these, (a, σ, ζ
0, ζ˜0) comprise the universal hypermultiplet
and (zk, z¯k¯, ζk, ζ˜k k = 1, · · · , h2,1) make up the remaining hypermultiplets. It is a
general consequence of N = 2 supergravity [4] that these hypermultiplets parameterize a
quaternionic manifold, i.e. 4n dimensional manifold with holonomy Sp(1)× Sp(n). In [6]
it was shown that the geometry defined by (6) is indeed quaternionic.
The focus of interest in the following are solutions of the five dimensional theory
which are the analogs of the D-instanton solutions of ten dimensional type IIB supergravity
[21][22]. This means that the solutions satisfy field equations of the Euclidean theory and
are localized in all non-compact five dimensions. Since the metric in the non-compact
dimensions is assumed to be flat and the vector multiplets are decoupled, one can conclude
that the scalars in the vector multiplets must be constant.
An important consequence of the Euclidean continuation is that the sign of the
“kinetic” terms for the scalars ζI , ζ˜
I , a in the action (6) is reversed. This rule for Euclidean
continuation of pseudo-scalars follows from [21] dualizing the scalars to four forms (see also
[23]). In the rest of the paper the Euclidean equations are simply obtained by replacing
ζI → iζI , ζ˜I → iζ˜I in the Minkowskian equations.
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3. Isometries and Charges
The scalars ζI , ζ˜I and a arise from the three form potential in eleven dimensions.
The dualized action (6) is invariant under the following shift transformations
ζI → ζI + ǫI , ζ˜ → ζ˜I + ǫ˜I , a→ a+ δ + ǫ˜IζI − ǫI ζ˜I . (7)
The currents associated with these shifts of are
jIµ = e
σ
(
− ImNIJ∂ζJ −ReNIJ (ImN−1)JL(ReNLM∂µζM + ∂µζ˜L)
)
+ e2σ(∂µa+ ζ
I∂µζ˜I − ζ˜I∂µζI)ζ˜I ,
j˜Iµ = −2eσ(ImN−1)IL(ReNLM∂µζM + ∂µζ˜L)− e2σ(∂µa+ ζI∂µζ˜I − ζ˜I∂µζI)ζI ,
j5µ = e
2σ
(
∂µa+ ζ
I∂µζ˜I − ζ˜I∂rζI
)
.
(8)
The corresponding charges are
QI =
∮
dΣµjIµ, Q˜
I =
∮
dΣµj˜Iµ, Q
5 =
∮
dΣµj5µ. (9)
Note that the charges QI , Q˜I are not invariant under the shifts; they transform as
Q5 → Q5, QI → QI + ǫ˜IQ5, Q˜I → Q˜I − ǫIQ5. (10)
In general there will be additional isometries of the hypermultiplet moduli space which
depend on the details of the geometry. For example, for quadratic prepotentials F =
1/2
∑n
I=0(Z
I)2 (which however do not arise in Calabi-Yau compactifications) the geometry
is the coset manifold SU(2, n+1)/(U(2)×SU(n+1)) which the isometry group SU(2, n+1).
A detailed discussion of symmetries of special quaternionic manifolds can be found in
[9][10][24].
4. Equations of Motion
The equations of motion for ζI , ζ˜I and a are simply the conservation equations for
the associated currents
∂µj
mI = 0, ∂µj˜
mI = 0, I = 0, · · · , h2,1;
∂µj
5m = 0.
(11)
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The σ equation of motion is given by (note that we display the Euclidean equations of
motion)
−∂2σ − e2σ(∂µa+ ζI∂µζ˜I − ζ˜I∂rζI)2 + eσImNIJ∂µζI∂µζJ
+eσ(ImN−1)IJ(ReNIK∂µζK + ∂µζ˜I)(ReNJL∂µζL + ∂µζ˜J) = 0. (12)
The equation of motion for the scalar zk is
∂2zk + Γklm∂µz
l∂µzm +
1
2
eσgkl¯∂l¯
{
ImNIJ∂µζI∂µζJ
+(ImN−1)IJ(ReNIK∂µζK + ∂µζ˜I)(ReNJL∂µζL + ∂µζ˜J)} = 0. (13)
The condition Rµν = 0 implies the vanishing of the corresponding components of the
energy-momentum tensor, i.e.
1
2
∂µσ∂νσ + gkl¯(z)∂µz
k∂νz
l¯ + eσImNIJ∂µζI∂νζJ
− 1
2
e2σ
(
∂µa+ ζ
I∂µζ˜I − ζ˜I∂µζI
)(
∂νa+ ζ
I∂ν ζ˜I − ζ˜I∂νζI
)
+ eσ(ImN−1)IJ(ReNIK∂µζK + ∂µζ˜I)(ReNJL∂νζL + ∂ν ζ˜J) = 0.
(14)
Note that this condition implies the vanishing of the bulk part of the action for the Eu-
clidean instanton solutions.
5. A Simple Solution
A simple solution is given by taking the zk to be constant and real (and as a con-
sequence NIJ to be purely imaginary and negative definite). The fields ζI and a can
consistently be set to zero. The relevant part of the action is then given by
S =
∫
d5x
√
g
(1
2
(∂σ)2 − eσ(ImN−1)IJ∂ζ˜I∂ζ˜J
)
. (15)
Passing to Euclidean space yields
S =
∫
d5x
√
g
(1
2
(∂σ)2 + eσ(ImN−1)IJ∂ζ˜I∂ζ˜J
)
. (16)
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The instanton solutions are assumed to be spherically symmetric in the five Euclidean
dimensions. Specifically, the following ansatz is made:
σ = 2 lnh, ζ˜I = αI
1
h
+ const. (17)
The function h is harmonic in five dimensions
h(r) = eσ∞/2 +
q
3r3
. (18)
The ansatz (17) solves the Euclidean equations of motion provided the constant vector αI
satisfies (ImN−1)IJαIαJ = −2. One can calculate the non-vanishing charges carried by
this solution:
Q˜I = −V ol(S4)q(ImN−1)IJαJ . (19)
This leads to a relation between the quantity q in (18) and the charges Q˜I :
q = αI
∮
dΣµj˜Iµ. (20)
The bulk part of the action for the instanton vanishes as discussed in [25][22] , and the
non-zero contribution comes solely from a boundary term:
Sinst = −
∮
dΣµ∂µσ = e
−σ∞/2q. (21)
These solutions are the simplest generalizations of the single charged instanton solutions for
the universal hypermultiplet found in [11][12][13] and correspond to Euclidean M2 branes
wrapped on a three-cycle in the CY (the charge vector αI is related to the homology of the
three-cycle). This solution is in fact a BPS solution which preserves sixteen of the thirty
two supersymmetries, as will be discussed in section 9.
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6. Instanton Equations, Harmonic Functions and Geodesics
When the vector multiplets are neglected the bosonic N = 2 action is given by a
quaternionic sigma model of the hypermultiplets couples to gravity. The action is has the
form
S =
∫
d5x
√
g
(
R− 1
2
Guv(φ)∂µφu∂µφv
)
, (22)
where u, v = 1, · · · , 4(h2,1 + 1), so that the φu now denote all the hypermultiplet
(pseudo)scalars and G is the quaternionic metric determined by the action (6).
The solutions of interest here have the property that the five dimensional metric is
flat, which implies that
Rµν =
1
2
guv∂µφ
u∂µφv = 0. (23)
A simple ansatz for finding such solutions was presented in [26][27][28] : the dependence
of the scalar fields φu on the spacetime coordinates xµ is through a scalar function σ(x),
i.e. φu(x) = φu(σ(x)). The equation of motion for φ then becomes
∇2σ(φu)′ + ∂µσ∂µσ
[
(φu)′′ + Γuvw(φ
v)′(φw)′
]
= 0, (24)
where (φk)′ = ∂σφ
k. The first term in this equation is the spacetime Laplace operator
acting on the scalar function σ(x). Hence if σ(x) is a harmonic function in spacetime the
remaining part of (24) is nothing but the geodesic equation in the moduli space where the
scalar σ is now interpreted an affine parameter. Since one is seeking a solution where the
spacetime is flat, the gravitational part of the equations of motion (23) implies Rµν = 0
which means that the geodesic is null.
This construction can be generalized by allowing the fields φk to depend on several
harmonic maps σa, a = 1, . . . , n. A solution to the equations of motion is then given by a
totally geodesic null submanifold. Supersymmetry conditions impose further constraints
on the solutions. For general moduli spaces finding such geodesic submanifolds is very com-
plicated. However if the moduli space is a coset manifold one can apply the construction
given in [28] to construct the solutions.
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In the case of a single (universal) hypermultiplet, the moduli space is given by the
coset SU(2, 1)/U(2), in toroidally compactified type II theories the scalar moduli space is
given the well known cosets G/H, instanton solutions in these theories were discussed in
[23]. Representing the elements of the coset G/H as matrices g the equation of motion for
the scalars becomes
∂µ(g−1∂µg) = 0. (25)
The matrix g can be parameterized by [28][29]
g = a exp(
∑
i
biσi), (26)
where σi are harmonic function in the space time. The conditions that σi parameterize a
null geodesic submanifold translate into certain conditions on the matrices bi (see [28][29]
for details). Hence finding the instanton solutions for hypermultiplets which are coset
spaces can be reduced to solving algebraic matrix equations. However the hypermultiplet
geometry for Calabi-Yau compactifications is in general not a coset manifold (since the
associated prepotential is not quadratic). The techniques reviewed above might however
still be useful if one can find a subspace of the full hypermultiplet moduli space which is a
coset. In addition supersymmetry does not make a direct appearance in this discussion, yet
as will become clear it provides further constraints on the velocity vectors of the geodesics.
Therefore the general formalism might also be used to find non-supersymmetric solutions.
7. Supersymmetry
The supersymmetry transformations for the fermionic hyperino and gravitino fields
can be derived by dimensional reduction of the eleven dimensional supersymmetry trans-
formation rules (2). Some details of this can be found in appendix B. The transformation
law of the gravitino is given by
δψAµ = (∂µ +
1
4
ωabµ γab)ǫ
A + (Qµ)
A
B ǫ
B , (27)
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where (Qµ)
A
B is a composite Sp(1) gauge connection defined by
(Qµ)
A
B =
(
1
4
(
vµ − v¯µ − Z¯N∂µZ−ZN∂µZ¯Z¯NZ
) −u¯µ
uµ −14
(
vµ − v¯µ − Z¯N∂µZ−ZN∂µZ¯Z¯NZ
)
)
. (28)
The supersymmetry transformations of the hyperinos are
δξI1 = e
1I
µ γ
µǫ1 − e¯2Iµ γµǫ2
δξI2 = e
2I
µ γ
µǫ1 + e¯
1I
µ γ
µǫ2.
(29)
The vielbein components eI1µ , e
I2
µ are defined in terms of the scalar fields in the following
way
e1 Iµ =
(
uµ
EAµ
)
, e2 Iµ =
(
vµ
eAµ
)
(30)
where
uµ = e
1/2σLI
(NIJ∂µζJ + ∂µζ˜J)
vµ =
1
2
∂µσ +
i
2
eσ
(
∂µa+ ζ
I∂µζ˜I − ζ˜I∂µζI
)
eAµ = e
A
i ∂µz
i
EAµ = e
σ/2eAif Ii
(N¯IJ∂µζJ + ∂µζ˜I)
(31)
Here eAi is the vielbein associated with the metric on the moduli z
i, i.e. δABe
A
i e
B
j¯
= gij¯.
This form of the components agrees with the ones given in [6]. The components (30) can
be combined into a quaternionic vielbein
V αA =


eI1
e¯I2
−eI2
e¯I1

 , α = 1, · · · , 2h2,1, A = 1, 2. (32)
The vielbein satisfies the reality constraint (V αA)∗ = ǫABCαβV
βB (this shows the connec-
tion with the notation used in [30][31]).
The action (6) can be expressed in the following way
S = 2
∫
d5x
√
g
{∑
I
(e1Iµ e¯
1I
µ + e
2I
µ e¯
2I
µ )}
= 2
∫
d5x
√
g
{
uµu¯µ + vµv¯µ +
∑
A
(eAµ e¯
A
µ +E
A
µ E¯
A
µ )},
(33)
10
where the following useful identity of special geometry was employed
f Ii g
ij¯fJj¯ = −
1
2
(ImN−1)IJ − eKZ¯IZJ . (34)
Note that this formula shows that ImN is negative definite since the Minkowskian metric
has to be positive definite.
For a scalar field configuration that preserves half of the supersymmetries the vari-
ations δξk = 0 have to vanish, for a pair of spinors ǫA. This condition can be interpreted
as the vanishing of a velocity vector defined by (29) for suitably chosen ǫA. For rotation-
ally invariant field configurations the hyperino transformations can be interpreted as 2× 2
matrix equations and the BPS condition is that the determinant of these matrices vanishes
ǫ1Iµ ǫ¯
1I
µ + ǫ
2I
µ ǫ¯
2I
µ = 0, I = 0, · · · , h2,1. (35)
This condition can be interpreted as follows: As discussed in section 7 the instanton solu-
tion is given by a geodesic submanifold, parameterized by a number of harmonic functions.
The BPS condition implies that the submanifold is ’null’ with respect to all the inner prod-
ucts defined in (35). Note that it follows that the solution satisfies (14) since this is simply
the sum of (35) for I = 0, · · · , h2,1.
8. BPS Solutions and Attractor Equations
It is straightforward to check that for the simple solution carrying one charge de-
scribed in section 6, only the δξ0 variation is nontrivial and that the solution preserves
half the supersymmetries. It is also possible to write down solutions which carry arbitrary
charges QI and Q˜I . For the moment however the five brane charge Q5 will be set to zero.
This is equivalent to imposing
∂µφ˜+ ζ
I∂µζ˜I − ζ˜I∂µζI = 0. (36)
A family of solutions depending on 2(h2,1+1) harmonic functions can be constructed. Let
HI = hI +
qI
3r3
, H˜I = h˜I +
q˜I
3r3
. (37)
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In the solution is scalars ζI , ζ˜I are taken to satisfy the ansatz
∂µζ
I = −e−σ
{
(ImN−1)IJ∂µHJ − (ImN−1)IJ (ReN )JK∂µH˜K
}
,
∂µζ˜I = −e−σ
{
(ImN )IJ∂µH˜J − (ReN )IJ(ImN−1)JK∂µHK
+ (ReN )IJImN−1)JK(ReN )KL∂µH˜L
}
.
(38)
With this it is easy to see that the charges defined in the currents (8) for this solution are
given by
Q5 = 0, Q
I = V ol(S4)qI , Q˜I = V ol(S4)q˜I . (39)
The BPS condition following from the vanishing of the hyperino variation can be written
as (using (29) and (31))
1
2
∂µσγ
µǫ2 − eσ/2LI(NIJ∂µζJ + ∂µζ˜I)γµǫ1 = 0,
∂µz
iγµǫ1 + e
σ/2gij¯f Ij¯ (NIJ∂µζJ + ∂µζ˜I)γµǫ2 = 0.
(40)
After continuation to Euclidean space the BPS equations for rotationally symmetric field
configurations can be derived by choosing the spinors ǫ1 = ±ǫ2. Using (38) one finds that
(29) turns into
1
2
dσ
dr
− LI(qI −NIJ q˜J)e
−σ/2
r4
= 0,
dzi
dr
+ gij¯ f¯ Ij¯ (qI −NIJ q˜J)
e−σ/2
r4
= 0.
(41)
The equations (41) are exactly of the same form as the attractor equations for N = 2 black
holes [15] as written4 in [30][16][17].
The solution is further specified by expressing the scalar fields zi in terms of the
harmonic functions (37)
i(ZI − Z¯I) = H˜I , i(FI − F¯I) = HI , (42)
and the volume scalar σ is given by
σ = ln i(Z¯IFI − ZI F¯I). (43)
4 This involves identifying −σ/2 with Sabra’s U and the charges qI , q˜I with dyonic charges
of the black hole solution.
12
There is an additional constraint on the harmonic functions
HI∂µH˜
I − H˜I∂µHI = 0 (44)
which guarantees the integrability of the condition (36) for the vanishing fivebrane charge.
In [17] Sabra has shown that the ansatz (42),(43) solves the attractor equations (41).
From this it follows that the our ansatz defines a BPS configuration. Sabra’s calculation
will not be repeated here. Instead, in appendix C it is demonstrated that the solution also
satisfies the Euclidean equations of motion as expected.
Note that the attractor equation (41) together with (38) defines a flow of the hyper-
multiplet scalars when r varies from to r = ∞ to r = 0 for an instanton solutions with
given charges qI , q˜
I .
9. The Instanton Action
As discussed in section 8 the BPS equations (40) imply the vanishing of the bulk
part of the action (14). It is straightforward to verify this directly along the lines of the
calculations presented in appendix B.
The fact that the bulk contribution to the action vanishes for the Euclidean instanton
solutions is a well known phenomenon [25][22]. The action comes from a boundary term
(see [13]):
Sinst = −
∮
dΣµ∂µσ = |Z|∞e−σ∞/2. (45)
Here
Z = (LIqI −Miq˜I) (46)
To obtain this the first equation in (41) was used to express the boundary term in terms
of the asymptotic values of the σ and Z.
There will also be a nontrivial phase dependence weighting the instanton amplitudes:
exp(iθ) = exp(iζIqI + iζ˜I q˜
I). (47)
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The discussion of the phase is not complete without the investigation of the one loop
determinants, but that lies beyond the scope of this paper.
The microscopic description of these instantons is well known: they correspond to M2
branes wrapped on supersymmetric three cycles (special Lagrangian submanifolds) [11].
The action is given by the world-volume action of the wrapped M2 brane on the three
cycle in the Calabi-Yau manifold. Geometrically the action can therefore be expressed in
the following way
Sinst = e
K |
∫
Γ
Ω|∞ + i
∫
Γ
C∞, (48)
where Γ is the (special Lagrangian) three cycle on which the membrane instanton is
wrapped and the subscript denotes that the fields are evaluated at asymptotic infinity.
The cohomology class of the cycle is Γ = q˜IαI − qIβI . Using
∫
Γ
ω =
∫
ω ∧Γ (45) and (47)
follow from (48).
In this section we discussed solutions where Q5 = 0. If one relaxes this condition (and
equivalently (44)) the solutions become more complicated. The microscopic interpretation
of such solutions is that of a ’bound state’ of M5 and M2 branes wrapped on a CY (in
flat space such configurations were discussed in [32]). These configurations might also be
related to M5 branes with three form flux turned on [33][34]. Solutions with Q5 for the
universal hypermultiplet were discussed in [13].
In [14] the c-map was used to relate the stationary black hole solutions of [35] to
instanton solutions in four dimensions. The main difference to the solution in section 9 is
that the conditions (36) and (44) are relaxed:
HI∂µH˜
I − H˜I∂µHI = e2σ
(
∂µa+ ζ
I∂µζ˜I − ζ˜I∂µζI
)
=
Q5
r4
.
(49)
Even for these solutions the bulk part of the action of the instanton will vanish and the
instanton action will be given by the boundary term (45). Using the ansatz for the volume
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scalar (43) gives
1
2
∂rσ =
−i
2
e−σ
(
∂rZ¯
IFI + Z¯
I∂rFI − ∂MZI F¯I − ZI∂rF¯I
)
=
1
2
1
r4
e−σ/2
(
q˜IM − qILI + q˜IM¯I − qI L¯I
)
=
1
r4
e−σ/2
Z + Z¯
2
.
(50)
For Q5 6= 0 one finds that Z 6= Z¯ in particular
1
r4
(Z − Z¯) = e−σ(HI∂rH˜I − H˜I∂rHI) = e−σQ5
r4
. (51)
Note that because of the analytic continuation of φ˜ in Euclidean space one has
|Z|2 = Re(Z)2 + Im(Z)2 = Re(Z)2 −Q25 (52)
and the instanton action becomes
Sinst = −
∮
dΣµ∂µσ =
√
e−σ |Z|2 + e−2σQ25. (53)
This generalizes the result (45) to the case Q5 6= 0. The action (53) is characteristic of
a non threshold bound state and has the same form as the action found in [13] for the
universal hypermultiplet. Note that this is not surprising, since a bound state of fivebranes
and membranes which preserves half the supersymmetry as to be non-threshold, since
threshold bound state would preserve a quarter of the supersymmetry.
10. Fermionic Zero Modes
In addition to the vanishing of the hyperino variation (29) the variation of the grav-
itino (27) has to vanish for a BPS solution. Note that for the solution of section 9 the
diagonal elements of the Sp(1) connection QBA in (28) vanish. Using the hyperino BPS
condition (40) the gravitino variation (27) becomes
δψ1,2µ = ±(∂µǫ−
1
2
∂µσ)ǫ, (54)
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Hence the supersymmetry parameter takes the form ǫ = eσ/2ǫ0, where ǫ0 is a constant
spinor.
The instanton solution has five bosonic zero modes, which correspond to collective
coordinates translating the center of the instanton. Since the instanton is a BPS object in
a supersymmetric theory, there are also fermionic zero modes, corresponding to fermionic
collective coordinates. The fermionic zero modes can be obtained by applying the broken
supersymmetries on the bosonic field configuration. There are four broken supersymmetries
and hence the instanton solutions will have (at least) four fermionic zero modes.5 In a path
integral around the saddlepoint the integral over fermionic collective coordinates vanishes
unless the zero modes are soaked up by field insertions. This leads to instanton induced
interactions a la t’Hooft. In the present case the instanton will induce four-fermion terms
like ∫
d5x ΩIJKL ξ¯
IξJ ξ¯KξLe−Sinst. (55)
The completely symmetric tensor ΩIJKL is related to a instanton modification of the Sp(n)
part of the curvature on the quaternionic geometry of the moduli space. Supersymmetry
relates (55) to corrections to the moduli space metric.
For a complete calculation of such terms one would need a path integral formulation
of M-theory which at the moment does not exist. In particular the calculation of fluctuation
determinants is an important part of the calculation (see [38] for an eloquent discussion of
this issue).
However the fact that terms like (55) will be induced and the ’semi-classical’ contri-
bution can be determined using that the broken supersymmetry is given by ǫ1 = −ǫ2 and
the hyperino variation obtained from the broken supersymmetry is
δξI1 = e
1I
Mγ
Mǫ1, δξ
I
2 = e¯
1I
µ γ
µǫ1. (56)
5 These are the ’center of mass’ zero modes coming from the broken zero modes. In principle
there could be additional zero modes, coming for example from moduli of the supersymmetric
cycle. This is a very interesting question related to calculations of superpotentials for wrapped
branes [36][37]
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Using a similar reasoning as for N = 2 black holes one can use the BPS conditions (41) to
estimate the behavior of the fermionic zero modes (56) as r → ∞ and r → 0. Using the
fact that |Z(r)| → |Z|∞ as r → ∞ and that the scalar moduli approach a fixed point as
r → 0 one finds
δξI ∼ 1
r
r → 0, δξI ∼ 1
r4
, r →∞. (57)
This implies that the fermionic zero modes will be normalizable and therefore be will be
related to fermionic collective coordinates. Furthermore the instanton induced fermion
four point vertex
∫
d5x0 δξ
I
1(x− x0)δξJ2 (x− x0)δξK1 (x− x0)1δξL2 (x− x0) (58)
is finite, since the integrand will behave as 1/r4 as r → 0 and as 1/r16 as r → ∞.
This integral determines the ’semiclassical’ contribution to the four-fermion vertex (55),
however the complicated form of the eIaµ makes the closed evaluation of the integral difficult
in general. In type II Calabi-Yau compactifications such instanton corrections can also be
calculated at Gepner points using conformal field theory and boundary state techniques
[39][40].
11. Relation to Black Holes
In four dimensions the c-map [5] relates the special geometry of the N=2 vector
multiplets to the quaternionic geometry of the hypermultiplets. This can be derived via
dimensional reduction because on a circle a four dimensional vector field is related to two
scalars by dualization. Hence in the compactified theory a N = 2 vector multiplet is
on-shell equivalent to a N = 2 hypermultiplet.
In [14] the c-map was used to relate the most general stationary BPS black hole
solutions found in [17][35][16] to D-instanton solutions in four dimensions. It was argued
that the stationary black hole solutions can be reduced along the timelike Killing direction
and a (formal) T-duality on the timelike orbit of this Killing vector relates the black holes
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to instantons. Since the hypermultiplet geometry is the same in four and five dimensions it
is not surprising that the instanton solutions are also be solutions in five dimensions, as we
showed in this paper. However the relation to the black hole solutions in five dimensions
dimensions is lost.
Applying the point of view described in section 7 to these solutions it is clear that
the harmonic functions (37) parameterize a geodesic null submanifold, where the velocity
vectors satisfy constraints imposed by supersymmetry.
In the previous section it was shown that the BPS conditions for instantons in five
dimensions are isomorphic to the BPS flow equations of N = 2 black holes in four di-
mensions. The instanton action is related to the asymptotic central charge and hence to
the ADM mass of the four dimensional black hole, which depends on the charges and the
asymptotic values of the complex structure moduli (but not on the asymptotic values of
ζI , ζ˜I). In the case of black holes the attractor mechanism resolves an important puzzle
concerning the independence of the black hole entropy (given by the area of the horizon)
from the value of the asymptotic moduli. It is an interesting question what the analogue
of the area of the horizon and the entropy is for the D-instanton. Note that in the Einstein
frame the instanton solution is flat. In the case of the ten dimensional D-instanton [21]
it was remarked that solution in the string frame has the interpretation of an Euclidean
wormhole. It is quite likely that a similar interpretation of the instanton solution is pos-
sible here and that in the ’string’-frame the instanton solutions are a Euclidean wormhole
and the size of the neck of the wormhole is related to Z(qI , q˜I)|fixed, which appeared in
the formula for the area of the horizon of the black hole.
12. Gauging
In the case of instanton solutions of the Euclidean N = 2 supergravity discussed in
this paper only the hypermultiplets are nontrivial. Such solutions are saddlepoints of the
action and are responsible for non-perturbative corrections to the geometry of the hyper-
multiplet moduli space. The solutions are governed by harmonic functions and can be
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interpreted as null geodesic submanifolds in the moduli space manifold. Such an interpre-
tation is only possible in the Euclidean theory where the moduli space metric components
for the axion-like scalars ζI , ζ˜I change signature. In the original Minkowskian spacetime
the moduli space metric is positive definite and the only null geodesics are given by con-
stant maps, i.e. the hypermultiplet solutions are trivial. This implies that there are no
nontrivial hypermultiplet solutions with all the other fields turned off. This conclusion not
altered when the vector multiplets are taken into account due to the decoupling of vector
and hypermultiplets at the two derivative level demanded by N = 2 supersymmetry. How-
ever if one considers gauged N = 2 supergravity one can obtain nontrivial flows involving
the hypermultiplets. The reason why nontrivial BPS hypermultiplet dynamics are possi-
ble for gauged supergravity is that the supersymmetry transformation of the hyperinos is
modified [41][31] :
δζAα = V Aαu (γ
µ∂µφ
u + iXIkuI )ǫ. (59)
Here A and α are the Sp(1) and Sp(nh) index of the hyperino respectively and φ
u denotes
the scalars in the hypermultiplets and V is the quaternionic vielbein which can be read of
from (31). Here XI denotes the real scalars of the five dimensional (very) special geometry
of the vector multiplets.
The new term in the supersymmetry transformation contains the Killing vector fields
kI which generates nv + 1 isometries of the quaternionic manifold φ
u → φu + kuI ǫI . The
BPS condition following from (59) can be nontrivial in Minkowski space and for example
allows for domain wall solutions where there are nontrivial flow equations governing the
evolution of the hypermultiplets [42][43]. The non-perturbative corrections to the hyper-
multiplet metrics can also be important since instanton effects might destroy isometries of
the hypermultiplet moduli space which cannot be gauged. It would be very interesting to
investigate this further.
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13. Conclusions
In this paper Euclidean instanton solutions of N = 2 supergravity were found for
theories with arbitrary number of hypermultiplets. The BPS conditions are isomorphic to
the attractor equations for N = 2, d = 4 black holes. The instanton actions are basically
given by the volume of the three cycle on which the membranes are wrapped. In the case
of non vanishing fivebrane charge the action has a form reminiscent of a non threshold
bound state. The investigations reported here were limited to supergravity: both the
inclusion of higher derivative corrections like R4 [44] terms in the dimensional reduction
of eleven dimensional supergravity along the lines of [45][1] would be very interesting.
On a microscopic level it would be interesting to understand better the question of ex-
tra moduli associated with Euclidean wrapped membranes, if such extra moduli are not
lifted by higher terms in the instanton action (which are analogous to superpotentials in
spacetime filling branes [36]) such instantons would not contribute to corrections to hy-
permultiplet geometries. The best hope one might have to calculate instanton corrections
is by heterotic-type II duality. However even though on the heterotic side the hypermulti-
plets geometry is determined at tree level the situation is complicated due to world sheet
instanton corrections (see [46] for a discussion of these issues). The form of the instanton
action for non vanishing fivebrane charge (53) generalizes the one found for the universal
hypermultiplet [13] to any CY compactification, it would be very interesting to analyze
this from the perspective of the world-volume theory of the fivebrane wrapped on the CY.
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Appendix A. Special Geometry
A canonical cohomology basis (αJ , β
J ), J = 0, · · · , h2,1 of three forms satisfies∫
αI ∧ αJ = 0,
∫
βI ∧ βJ = 0,∫
αI ∧ βJ = −
∫
βJ ∧ αI = δJI .
(A.1)
The periods over AI , BI cycles dual to the cohomology basis define projective coordinates
of the moduli space of complex structure deformations:
ZI =
∫
AI
Ω, FI =
∫
BI
Ω, (A.2)
where FI = ∂IF and (if it exists) the prepotential F is a homogeneous polynomial in Z
I
of weight two. The holomorphic three form can be expressed in the canonical cohomology
basis in the following way
Ω = ZIαI − FIβI . (A.3)
The metric for the the scalars zk is determined by the Ka¨hler potential
K = − ln (i(Z¯IFI − ZI F¯I)). (A.4)
A variation of the holomorphic three form Ω is given
∂IΩ = ΩI = −KIΩ+ ΦI (A.5)
where ΦI is a (2, 1) form and
KI = − NIJ Z¯
J
Z¯KNKLZL
(A.6)
and
NIJ = (Im F )IJ (A.7)
It is convenient to define the covariantly constant sections LI = eK/2ZI ,MI =
eK/2FI which satisfy Di¯L
I = (∂i¯ − 12∂i¯K)LI = 0. The following symplectic sections are
defined as
f Ii = DiL
I = eK/2(∂i + ∂iK)Z
I ,
hiI = DiMI = e
K/2(∂i + ∂iK)FI .
(A.8)
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which satisfy the following equations
Dj¯f
I
i = gij¯L
I , Dj¯hiI = gij¯M
I , Dif
I
j = iCijkg
kl¯f¯ Il¯ , DihjI = iCijkg
kl¯h¯l¯I (A.9)
Note that Dif
I
j = Djf
I
i , which follows from the total symmetry of Cijk.
To carry out the dimensional reduction procedure one needs the following relation
expressing the property of the cohomology basis under Hodge duality
⋆αI = −
(
Im(N ) +Re(N )Im(N )−1Re(N ))
IJ
βJ +Re(N )Im(N )−1I JαJ ,
⋆βI = Im(N )−1IJ αJ − Im(N )−1 IJRe(N )JKβK ,
(A.10)
where
NIJ = F¯IJ + 2iNIKZ
KNJLZ
L
ZPNPQZQ
. (A.11)
This matrix satisfies the important relations
NIJLJ =MI (A.12)
and
hiI = N¯IJfJi . (A.13)
Appendix B. Supersymmetry Transformations from Eleven Dimensions
In this appendix we indicate how to derive the supersymmetry transformation rules
(29) for the hyperinos from the eleven dimensional ones (2) by dimensional reduction. On
a Calabi-Yau threefold there are two covariantly constant spinors which are related to
the existence of Killing spinors of unbroken N=2 spacetime supersymmetry. Using the
commutation relation {γi, γj¯} = 2gij¯ one can define the two spinors by demanding
γi | Ω〉 = 0 , i = 1, 2, 3 γi¯ | Ω¯〉 = 0, i¯ = 1, 2, 3 (B.1)
where | Ω〉 = 1/|Ω|2Ωijkγijk | Ω¯〉. Decomposing the eleven dimensional gamma matrices
as Γµ = γµ⊗γ7, µ = 0, · · ·3 and Γi = 1⊗γi, i = 1, · · ·6. One can expand the Killing spinor
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which parameterizes the unbroken N = 2 supersymmetry as η = ǫ1⊗ | Ω〉 + ǫ2⊗ | Ω¯〉
where ǫ1,2 are five dimensional (symplectically real) spinors. Massless fermions in the (non
universal) hypermultiplets can be constructed using the covariantly constant spinors and
harmonic H2,1 and H1,2 forms. The zero modes of the Dirac operator on the CY-manifold,
transform as 3 and 3¯ under the SU(3) holonomy respectively
ψ
(k)
i = h
(k)
ij¯k¯
γ j¯k¯ | Ω¯〉, ψ(k)
i¯
= h
(k)
i¯jk
γjk | Ω〉. (B.2)
Here h
(k)
ij¯l¯
and h
(k)
i¯jl
are the H1,2 and H2,1 forms and ψ
(k)
i , ψ
(k)
i¯
are identified with the
hyperinos ξk1 , ξ
k
2 , k = 1. · · · , h2,1.
An arbitrary three form Γ can be decomposed in terms of the elements of H3,0 ⊕
H2,1 ⊕H1,2 ⊕H0,3 [47].
Γ = iZ¯(Γ)Ω− igij¯D¯j¯Z¯(Γ)DiΩ+ igij¯DiZ(Γ)Dj¯Ω− iZ(Γ)Ω¯, (B.3)
where Z(Γ) = eK/2
∫
Γ ∧ Ω. For the field strength associated with the potential (3)
Fµ = ∂µζ
IαI + ∂µζ˜Iβ
I gives
Fµ = iL¯
I(N¯IJ∂µζJ + ∂µζ˜)Ω− igij¯ f¯ Ij¯ (NIJ∂µζJ + ∂µζ˜I)DiΩ+ c.c. (B.4)
The scalars zi are the moduli associated with complex structure defomation of the Calabi-
Yau manifold. The spin connection ωi¯µj , ω
i
µj¯
can be expressed in terms of the Christoffel
connections
Γj¯µi =
1
2|Ω|2Ω
j¯l¯k¯h¯
(i)
l¯k¯j
∂µz¯
i, Γj
µi¯
=
1
2|Ω|2Ω
jlkh
(i)
lkj¯
∂µz
i (B.5)
by appropriate multiplication with vielbeins. Here |Ω|2 = 1/3!ΩijkΩ¯ijk and h(k)ijl¯ are the
componets of the (2,1) form DkΩ. Plugging the formulas for the spin connection and the
gauge field given in this appendix into the supersymmetry transformation (2) of the eleven
dimensional gravitino one can derive the form of the five dimensional supersymmetry
transformation (31) where the vielbein eI with I = 0 is associated with Ω and ek k =
1, · · · , h2,1 with DkΩ respectively.
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Appendix C. Equations of Motion
In order to show that the ansatz satisfies the σ equation of motion (12) one calculates
1
2
∇2σ = 1
2
(d2σ
dr2
+
4
r
dσ
dr
)
= −(LIqI −MI q˜I)2 e
−σ
r8
− d
dr
(LIqI −MI q˜I)e
−σ/2
r4
= −
(
(LIqI −MI q˜I)2 − (f Ii qI − hiI q˜I)gij¯(f¯ Ii¯ qI − h¯i¯I q˜I)
)e−σ
r8
=
1
2
eσ(NIK∂µζK + ∂µζ˜I)(ImN−1)IJ (N¯JL∂µζL + ∂µζ˜J)
(C.1)
(where repeated use has been made of (41) ). To show that (13) is satisfied it is convenient
to start from
∂µ(gk¯l∂
µzl) = ∂i¯(f¯
I
k¯ qI − h¯k¯I q˜I)g i¯l(f Il qI − hlI q˜I)
e−σ
r8
+∂i(f¯
I
k¯ qI − h¯k¯I q˜I)gil¯(f¯ Il¯ qI − h¯l¯I q˜I)
e−σ
r8
+ (f¯ Ik¯ qI − h¯k¯I q˜I)(LIqI −MI q˜I)
e−σ
r8
(C.2)
together with
(∂i¯gk¯l)∂µz
i¯∂µz
l = −∂i¯gk¯l(f Il qI − hlI q˜I)(f¯ Ik¯qI − h¯k¯I q˜I)
e−σ
r8.
(C.3)
Using the fact that ∂kK∂µz
k − ∂k¯K∂µzk¯ = 0 and several other identities given in apendix
B one arrives at
∂µ(gk¯l∂µz
l)− (∂m¯gk¯l)∂µzm¯∂µzl = (f¯ Ik¯qI − h¯k¯I q˜I)(LIqI −MI q˜I)
e−σ
r8
+ ∂k¯
(
(f Il qI − hlI q˜I)glm¯(f¯ Im¯qI − h¯m¯I q˜I)
)e−σ
r8
.
(C.4)
The other term in the equation of motion (13) is given by
1
2
eσ∂k¯
{
ImNIJ∂µζI∂µζJ + (ImN−1)IJ
(
ReNIK∂µζK + ∂µζ˜I
)(
ReNJL∂µζL + ∂µζ˜J
)}
=
1
2
e−σ
r8
∂k¯
{
(qI −NIJ q˜J)(ImN−1)IK(qK − N¯KLq˜L)
}
= −e
−σ
r8
∂k¯
{
(f Il qI − hlI q˜I)glm¯(f¯ Im¯qI − h¯m¯I q˜I) + LI(qI −NIJ q˜J)L¯K(qK − N¯KLq˜L)
}
,
(C.5)
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where in the last line the identity (34) was used. The last term in the third line of (C.5)
can be rewritten as follows
∂k¯
{
LI(qI −NIJ q˜J)L¯K(qK − N¯KLq˜L)
}
= Dk¯
(
LI(qI −NIJ q˜J )
)
L¯K(qK − N¯KLq˜L) + LI(qI −NIJ q˜J)Dk¯
(
L¯K(qK − N¯KLq˜L)
)
= (LIqI −MI q˜I)(f¯Kk¯ qK − h¯k¯K q˜K).
(C.6)
Adding (C.4) and (C.5) und using (C.6) equation (13) follows.
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